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ON MODULES OVER MATRIX QUANTUM
PSEUDO-DIFFERENTIAL OPERATORS
Carina Boyallian - Jose I. Liberati
Abstract. We classify all the quasifinite highest weight modules over the central ex-
tension of the Lie algebra of matrix quantum pseudo-differential operators, and obtain
them in terms of representation theory of the Lie algebra ĝl(∞, Rm) of infinite matri-
ces with only finitely many non-zero diagonals over the algebra Rm = C[t]/(tm+1).
We also classify the unitary ones.
1. Introduction
The study of representation theory of the Lie algebra D̂ (the universal central
extension of the Lie algebra of differential operators on the circle, also denoted by
W1+∞), was initiated in [4]. In that paper, Kac and Radul classified the irreducible
quasi-finite highest weight representations of D̂, and it was shown that they can
be realized in terms of irreducible highest weight representations of the Lie algebra
of infinite matrices. At the end of that article, they did, very briefly, the same for
the Lie algebra Ŝq, the central extension of the Lie algebra of quantum pseudo-
differential operators.
This study for D̂ was continued in [2], [5] and [6] in the framework of vertex
algebra theory. In [1] similar results were obtained for the matrix case, i.e., the
universal central extension of the Lie algebra of matrix differential operators on
the circle, denoted by D̂M . The main goal of the present paper is to get analogous
results to those obtained in [4] for Ŝq, but for the central extension of the Lie algebra
of M ×M matrix quantum pseudo-differential operators, denoted by ŜMq .
The paper is organized as follows. In Sects. 2 and 3 we study the structure of
ŜMq , its parabolic subalgebras and the relation with ĝl(∞, Rm). In sects. 4 and 5
we classify and construct the quasifinite highest weight modules over ŜMq and the
unitary ones.
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2. Lie algebras ŜMq and ŜM Oq
Fix a positive integer M , and denote by Tq, q ∈ C× = C/{0}, the following




the associative algebra of all matrix pseudo-differential operators,






q , where ei(z) ∈ MatMC[z, z−1] (sum is finite).
Here and further we denote by MatMR the associative algebra of all M ×M ma-
trices over an algebra R. Any pseudo-differential operator can be written as linear
combinations of elements of the form zkf(Tq)Eij , where f ∈ C[w,w−1] and Eij is
the standard basis of MatMC. The product in SMq
as




Denote by SMq the Lie algebra obtained from SMq
as
by taking th usual bracket. Let
SMq
′
= [SMq ,SMq ]. It is easy to check that we have:
SMq = SMq
′ ⊕ CT 0q IM (direct sum of ideals)
where IM denotes the identity matrix in MatMC. Thus, the representation the-
ory of SMq reduces to that of SMq
′






= c0, and denoting by tr the usual trace in MatMC, we obtain, by
a general construction (cf Sect 1.3 in [4]), the following 2-cocycle in SMq :
Ψ(zmf(Tq)A, z
kg(Tq)B) = m tr0(f(q





denote the central extension of SMq
′
corresponding to the cocycle (2.2). We will
show that the representation theory of ŜMq with |q| ̸= 1, is quite similar to that of
D̂M . Some details and proofs will be omitted since they also are similar, (cf [1]).
The elements zkTmq Eij (k,m ∈ Z, i, j = 1, · · · ,M) form a basis of SMq . Define
the weight by
wt zkTmq Eij = kM + i− j, wt C = 0 (2.3.)
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Let O be the algebra of all holomorphic functions on C× with the topology
of uniform convergence on compact sets. We consider the vector space SM Oq
as
spanned by the quantum matrix pseudo-differential operators( of infinite order) of
the form zkf(Tq)Eij , where f ∈ O. The product in SMq
as
extends to SM Oq
as
by
formula (2.1). The principal gradation extends as well by (2.3). Denote by SM Oq
the corresponding Lie algebra. Then the cocycle Ψ extends by formula (2.2). Let
ŜM Oq = SM
′ O
q + CC be the corresponding central extension.















where I l−j is a subspace of C[w,w−1]. Since





where IM is the identity matrix, then we have that I
l
−j is an ideal of C[w,w−1].
Remark 2.2. There exist parabolic subalgebras p of ŜMq (M > 1) such that pj = 0
for j << 0 (cf. [4], sect 2.4). For example:
p = ⊕j∈N(ŜMq )j ⊕ (ŜMq )0 ⊕ C[Tq, T−1q ]E12
Given a parabolic subalgebra p, let blj(w) be the monic polynomial with b
l
j(0) ̸= 0,
which is a generator of the ideal I l−j ⊂ C[w,w−1]. We will assume that blj(w) is a
monic polynomial as above if I lj ̸= 0, and 0 otherwise. Thus, we have associated to
p a collection {blj(w)}j∈N,1≤l≤M as above, called the characteristic polynomials of
p.
4 CARINA BOYALLIAN - JOSE I. LIBERATI
Lemma 2.1. Let {blj} be the set of characteristic polynomials of a parabolic subal-
gebra p of the Lie algebra ŜMq . Then
(1) bi+1j (w) divides b
i
j+1(w) for all j ∈ N and i = 1, . . . ,M .
(2) bij(w) divides b
i
j+1(w) except in the special case: −j = kM + i, where bij(w)
divides bij+1(qw).
(3) bi(k+l)M+n−i(w) divides b
i
kM+p−i(q
−lw)bplM+n−p(w) for all k, l ∈ N, 1 ≤
i, p ≤ M , (where bi+Mj = bij).
Proof. Since it is completely similar to the proof of Lemma 2.1 in [1], replacing D
by Tq and keeping in mind formula (2.1), we omit the details.
It is easy to deduce from the proof of Lemma 2.1, the following Corollary.
Corollary 2.1. Let p be a parabolic subalgebra of ŜMq . The following statements
are equivalent:
(1) p−j ̸= 0 for all j ∈ N.
(2) I l−j ̸= 0 for all j ∈ N, l = 1, . . . ,M .
(3) I l−1 ̸= 0 for all l = 1, . . . ,M . 
A parabolic subalgebra satifying any condition of Corollary 2.1 will be called
non-degenerate.








−k+1w) . . . bM−1(q
−k+1w)bM (q
−k+2w)b1(q
−k+2w) . . .
bM (q
−1w)b1(q
−1w) . . . bM−1(q
−1w)bM (w)b1(w) . . . bm−1(w)
It follows that there exists (a unique non-degenerate) parabolic subalgebra, that we






< ∞, k ∈ Z. (2.4)
Remark 2.3. Any parabolic subalgebra p such that bi1 = b
i, satisfies pmin(b) ⊆ p.
This follows from Lemma 2.1.
We shall need the following Proposition to study modules over ŜMq induced
from its parabolic subalgebras. We omit its proof since it is completely similar to
Proposition 2.2 in [1], with the same considerations we had for Lemma 2.1.
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Proposition 2.2. Let p be a parabolic subalgebra of ŜMq and let b =









b = {bi(Tq)g(Tq)Ei+1,i+1 − bi(Tq)g(Tq)Eii | 1 ≤ i ≤ M − 1,
and g(w) ∈ C[w,w−1]}⊕
{bM (Tq)g(Tq)E1,1 − bM (qTq)g(qTq)EMM + tr0(bM (w)g(w))C|g(w) ∈ C[w,w−1]}
3. Embedding of ŜMq in ĝl(∞)[m]
We shall construct an embedding of ŜMq into the Lie algebra of infinite matrices
with only finitely many non zero diagonal, over the algebra of truncated polynomi-
als.
Let R be an associative algebra over C and denote by R∞ a free R-module with
a fixed basis {vj}j∈Z. Now, define the operators Eij by Eijvk = δjkvi.
Let M̃(∞, R) be the associative subalgebra of End R∞ consisting of all operators∑
i,j∈Z
aijEij where (aij)i,j∈Z have a finite number of non-zero diagonals. Recall that
M̃(∞, R) is a Z-graded algebra with the principal gradation defined by deg Eij =
j − i.
Let φ : RM [z, z−1] −→ R[z, z−1] be the isomorphism defined by
eiz
j 7→ zjM+i−1
Now, let us fix s ∈ C× and a nilpotent element t ∈ R. Consider R[z, z−1]zs as a free
R-module with basis vj = z
−j+s, j ∈ Z. Using the isomorphism φ can construct
(cf. [4] Sect 6 and [1] Sect.3) an embedding φs,t : SMq
as −→ M̃(∞, R) of associative






and φs,t extends to a homomorphism φs,t : SM Oq
as −→ M̃(∞, R).
Consider Rm = C[t]/(tm+1) where m ∈ Z+, and let M̃(∞)[m] = M̃(∞, Rm).
The homomorphism φs,t : SM Oq
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zkI [m]s Eij ∈ SM Oq
as
Therefore, It follows by the Taylor formula for φ
[m]
s that:
Ker φ[m]s = J
[m]
s (3.2)
Choose a branch of log q. Let τ = log q2πi . Then any s ∈ C is uniquely written as
s = qa, a ∈ C/τ−1Z. Now, let fix s = (s1, · · · , sn) ∈ Cn such that if we write each
si = q
ai , we have
ai − aj /∈ Z+ τ−1Z for i ̸= j, (3.3)















Proposition 3.1. We have the exact sequence of Z-graded associative algebras,
provided that |q| ̸= 1:
0 −→ J [m]s −→ SM Oq
as φ
[m]








Proof. The first part is clear from (3.3). The surjectivity of φ
[m]
s follows from the
following well-known fact: for every discrete sequence of points in C and a non-
negative integer m there exists f(w) ∈ O having prescribed values of its first m
derivatives at these points. Note that, condition (3.3) and |q| ̸= 1 are important in
order to have a discrete sequence of points in C. 
Now, denote by g̃l(∞)[m] the Lie algebra corresponding to M̃(∞)[m]. Let




i≤0 Eii. The Z-gradation of this Lie algebra extends from g̃l(∞)[m]
by letting wt Rm = 0.
The associative algebras homomorphism φ
[m]
s defines a Lie algebras homomor-
phism, which we denote by the same letter.
The restriction of the cocycle Φ to φ
[m]
s (SM Oq ) gives us an Rm-valued 2-cocycle
on SM Oq denoted by Ψ
[m]
s . Thus, as in [1], we have
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if j ̸= 0,
φ̂[m]s (T
n













φ̂[m]s (C) = 1 ∈ Rm
(3.4)
is a homomorphism of Lie algebras over C. 
4. Quasifinite Highest Weight Modules over ŜMq
Recall that given λ ∈ (ŜMq )∗0, the Verma module over ŜMq is defined as follows:








-module given by h 7→ λ(h)
if h ∈ (ŜMq )0, (ŜMq )j 7→ 0 for j > 0, and the action of ŜMq is induced by left
multiplication in U(ŜMq ). The vector vλ := 1⊗ 1 is called the highest weight vector.
Let L(λ) = L(ŜMq , λ) denote the unique irreducible quotient of M(ŜMq , λ). Mod-
ules M(λ) and their quotients (including L(λ)) are called highest weight modules
(with highest weight λ).
Note that the principal gradation on ŜMq induces a principal gradation on any
highest weight module V :
V = ⊕j∈Z+V−j , where V0 = Cvλ (4.1)
Take a parabolic subalgebra p and let b be its first M characteristic polynomials.
Let λ ∈ (ŜMq )∗0 be such that λ|(ŜMq )b0





extends to p by letting [p, p] 7→ 0 (see Proposition 2.1). Denote by M(λ;b) the
generalized Verma module M(ŜMq , p, λ), i.e the ŜMq -module,





Recall that a non-zero vector v in a highest weight module over ŜMq is called singular
if (ŜMq )jv = 0, for all j > 0.
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Definition 4.1. A Verma module M(λ) over ŜMq is called highly degenerate if
there exists a singular vector v0 ∈ M(λ)−1 of the following form: v0 = Avλ, where
A ∈ (ŜMq )−1 and det A ̸= 0.
The following key Proposition follows from Propositions 2.1 and formula (2.4).
Proposition 4.1. The following conditions on λ ∈ (ŜMq )∗0 are equivalent:
(1) M(λ) is highly degenerate;
(2) λ((ŜMq )b0 ) = 0 for some b = (b1(w), . . . , bM (w)), where all bi(w) are monic
polynomials, with bi(0) ̸= 0.
(3) L(λ) is quasifinite;
(4) L(λ) is a quotient of a generalized Verma module M(λ;b) for some monic
polynomials b.
Let L(λ) be a quasifinite highest weight module over ŜMq . By Proposition 4.1
there exist some monic polynomials b1(w), . . . , bM (w) such that
(bi(Tq)Ei,i+1)vλ = 0 (i = 1, . . . ,M − 1), and (z−1bM (Tq)EM,1)vλ = 0
We shall call such monic polynomials of minimal degree the characteristic poly-
nomials of L(λ). Note that L(λ) is the irreducible quotient of M(λ;b), where
b = (b1(w), . . . , bM (w)) are the characteristic polynomials of L(λ).
A functional λ ∈ (ŜMq )∗0 is described by its labels ∆i,m = −λ(Tmq Eii) and the




x−m∆i,m, i = 1, · · · ,M.
Recall that a quasipolynomial is a linear combination of functions of the form
p(x)eαx, where p(x) is a polynomial and α ∈ C. We also have the following well
known
Proposition 4.2. Given a quasipolinomial P , and a polynomial B(x) =
∏
i(x −
Ai), take b(x) =
∏
i(x− ai) where ai = eAi , then b(x)(
∑
n∈Z P (n)x
−n) = 0 if and
only if B( ddx )P (x) = 0.
Now we can state our main result.
Theorem 4.1. (a) An irreducible highest weight module L(λ) is quasifinite if and
only if one of the following equivalent conditions holds:
(1) There exist monic polynomials b1(w), . . . , bM (w) such that
bi(x) (∆i(x)−∆i+1(x)) = 0 for i = 1, · · · ,M − 1, and
bM (x)
(
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(2) There exist quasipolynomials Pi, i = 1, · · · ,M , such that (n ∈ Z)
∆i,n −∆i+1,n = Pi(n) for i = 1, . . . ,M − 1,
∆1,n − qn∆M,n = PM (n)
(b) The monic polynomials b1(w), . . . , bM (w) of minimal degree satisfying equa-
tions (4.2), are the characteristic polynomials of a quasifinite module
L(ŜMq , λ).
Proof. From Propositions 4.1 and 2.2, we have that L(λ) is quasifinite if and only
if there exist polynomials
bi(w) = w
mi + fi,mi−1w
mi−1 + · · ·+ fi,0 for i = 1, . . . ,M
such that for all s = 0, 1, . . . we have
λ(bi(Tq)T
s
qEi+1,i+1 − bi(Tq)T sqEii) = 0 i = 1, . . . ,M − 1
λ(bM (Tq)T
s
qE1,1 − bM (qTq)(qTq)sEMM + tr0 (wsbM (w))C = 0
These conditions can be rewritten as follows:
mi∑
n=0
fi,nFi,n+s = 0 for all s = 0, 1, . . . (4.1)
where
Fi,n = ∆i,n −∆i+1,n for i = 1, . . . ,M − 1
FM,n = ∆1,nc− qn∆M,n + fm,−sc
Multiplying both sides of these equalities by x−s, and summing over s ∈ Z, we
obtain (4.2). The equivalence of (1) and (2) follows from Proposition 4.2. Part (b)
is also clear. 
We shall need the following Proposition, which proof is completely similar to
Proposition 4.3 in [1].
Proposition 4.3. Let V be a quasifinite ŜMq -module. Then the action of ŜMq on
V naturally extends to the action of (ŜMOq )k on V for any k ̸= 0.
We return now to the Z-graded complex Lie algebra g[m] := ĝl(∞)[m] =
= g̃l(∞, Rm) + Rm considered in section 3. Recall that it is a central extension of
the Lie algebra g̃l(∞, Rm) over C by the m+ 1-dimensional space Rm.
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jEkk), k ∈ Z, j = 0, . . . ,m ,
and central charges
cj = λ(t








k+1 + δk,0cj , k ∈ Z, j = 0, . . . ,m. (4.3)
As usual, we have the irreducible highest weight g[m]-module L(g[m], λ) associated
to λ. The proof of the following proposition is standard:
Proposition 4.4. The g[m]-module L(g[m], λ) is quasifinite if and only if for each





m = (m1, . . . ,mn) ∈ Zn+, we let g[m] = ĝl(∞)[m] = ⊕ni=1g[mi]. By






φ̂[mi]si : ŜMOq −→ g
[m] (4.4)






is an irreducible g[m]-module. Now, by the homomorphism (4.4), we consider
L(g[m], λ⃗) as ŜMq -module, and we denote it by L
[m]
s (λ⃗).
Now we have the following important Theorem.
Theorem 4.2. Let s = (s1, · · · , sn) satisfying (3.3). Consider the embedding
φ̂
[m]
s : ŜMq −→ g[m] and let V a quasifinite g[m]-module. Then any ŜMq -submodule
of V is a g[m]-submodule as well. In particular, the ŜMq -modules L
[m]
s (λ⃗) are irre-
ducible.
Proof. The same proof as Theorem 4.5 in [4] 
By Proposition 4.4 and Theorem 4.2 , we have that the ŜMq -modules L
[m]
s (λ⃗) are
irreducible quasifinite highest weight modules. Using the formulas (3.4), it is easy
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to calculate the generating series ∆m,s,λ,i(x) =
∑
n ∆i,nx
−n of the highest weight
and the central charge c of the ŜMq -module L
[m]








































(k ∈ Z) (4.8)











q(a−l)n glM−i(n) for i = 1, . . . ,M − 1 (4.10)
Note that these formulas, imply that any irreducible quasifinite highest weight
module L(ŜMq , λ) can be obtained in as above an essentially unique way. More
precisely, we state the following result.
Theorem 4.3. Let L = L(ŜMq , λ) be an irreducible quasifinite highest weight mod-
ule with central charge c and





where Pi(x) are quasipolynomials and
∑M




ax where pa,i(x) are polynomials. We decompose the set {a ∈
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C | pi,a ̸= 0 for some i} in a disjoint union of congruence classes mod Z+ τ−1Z.






jpi,a−kr (0), for i = 1, 2, . . . ,M . We associate to S the















krM−i − cjδ(kr+δi,M )M−i,0)




Proof. The tensor product L′ of all the modules L
[m]
s (λS) is irreducible due to
Theorem 4.2. It remains to show that L′ has the same highest weight as L does.
This is done by exploiting the formulas (4.5-10) 
5. Unitary Quasifinite Highest Weight Modules over ŜMq
In this section we shall classify all unitary (irreducible) quasifinite highest weight













q(fi ∈ C). This anti-involution ω




Ψ(ω(A), ω(B)) = Ψ(B,A), A,B ∈ SM Oq
as
.
Therefore, the anti-involution ω of the Lie algebra SMq and SM Oq lifts to an anti-
involution of their central extensions ŜMq and ŜM Oq , such that ω(C) = C, which we
again denote by ω.
Remark 5.1. (a) Under the homomorphism φs = φs,0 : SM Oq






Here A∗ stands for the complex conjugate transpose of the matrix A ∈ M̃(∞,C).
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(b) (see e.g. [3]) For the involution ω of ĝl(∞,C) defined by ω(A) = tĀ,
ω(1) = 1, a highest weight ĝl(∞,C)-module with highest weight λ and central
charge c is unitary if and only if the numbers h
(0)






We shall need the following Lemma
Lemma 5.1. Let V be a unitary quasifinite highest weight module over ŜMq and
let b be its characteristic polynomials. Then bi(w) has only simple real roots for
i = 1, 2, . . . ,M .
Proof. Let Si = TqEii for i = 1, 2, . . . ,M − 1, SM = 1q−1−1 (Tq + ∆M,1)EMM and
vi = Ei,i+1vλ, i = 1, 2, . . . ,M − 1, vM = z−1EM,1vλ. Then replace (s, z−1vλ, b(w))
by (Si, vi, bi(w)) in the proof of Lemma 5.2 in [4]. 
Now we can state,
Theorem 5.1. (a) A non-trivial quasifinite irreducible highest weight module
L(ŜMq , λ) is unitary if and only if the central charge c is a positive integer and












(b) Any unitary quasifinite ŜMq -module is obtained by taking tensor product of n
unitary irreducible quasifinite highest weight modules over ĝl(∞,C) and restricting
to ŜMq via an embedding φ̂
[0]
s , where s = (s1, . . . , sn) is a real vector satisfying (3.3).
Proof. By Theorem 4.3, being a quasifinite irreducible highest weight ŜMq - module,
V is isomorphic to one of the modules L
[m]
s (λ⃗). It follows from Lemma 5.1 and
Proposition 4.2 that m = 0. Now the claim (b) follows from Remark 5.1 and the
claim (a) follows from (b) and (4.9-10). 
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